Using first-principles calculations, we calculated the atomic structures and surface energies of molybdenum surfaces in the ͑100͒, ͑110͒, ͑111͒, and ͑211͒ orientations. The equilibrium crystal shape of molybdenum is then found using the Wulff construction. We find that all four orientations appear on the Wulff plot and hence they are stable. ͓S0163-1829͑98͒06803-9͔
I. INTRODUCTION
The surface properties of the isoelectronic transition metals tungsten and molybdenum have attracted a lot of attention for many years because of their interesting physical and catalytic properties. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] In addition to being easy to clean, Mo and W surfaces exhibit surface states, surface reconstructions, as well as interesting electronic and structural changes during chemisorption. They have thus been favorite platforms for studying surface phenomena for many decades. They are both body-centered-cubic metals with nearly identical lattice constants ͑3.15 Å for Mo and 3.16 Å for W͒ and have rather similar bulk and surface properties. While the tungsten surface in various orientations has been investigated extensively by both a variety of theoretical methods and surface techniques, comparatively less detailed information about the molybdenum surfaces is available. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] In many respects, the structural properties of the molybdenum surface are similar to those of tungsten, but there are also subtle differences. For example, the clean ͑100͒ tungsten surface shows a (ͱ2ϫͱ2)R45°reconstruction, while more complex reconstructions of the clean Mo͑100͒ surface have been observed. 1, 2 For a long time, the Mo͑100͒ surface was thought to reconstruct from a 1ϫ1 structure at room temperature to an incommensurate c͑2.2ϫ2.2͒ structure when cooled below 220 K. 1, 2 The driving mechanism for these reconstructions and the difference between W and Mo have attracted considerable attention and have been the focus of many experimental and theoretical studies. Recently, Daley et al. found that Mo͑100͒ forms a commensurate c(7ͱ2ϫͱ2)R45°at low temperature. 12 The ͑110͒ tungsten and molybdenum surfaces are also interesting for their differences. While the W͑110͒ surface has been observed to reconstruct upon hydrogen adsorption via a uniform lateral shift along the ͓0 1 1͔ direction of the surface layer relative to the second layer, 13 the Mo͑110͒ surface was not observed to reconstruct. 14 For Mo, rougher surfaces such as the ͑111͒ and ͑112͒ have received little attention in theoretical studies, but these orientations are actually important since they may appear in the Wulff plot and thus may be important in governing the equilibrium crystal shape. In the past few years, the stability of the Mo͑111͒ and W͑111͒ surfaces upon the adsorption of metallic overlayers has been carefully and systematically studied. 15, 16 It was found that some metal overlayers ͑e.g., Pt͒ can drive the Mo͑111͒ surface to be unstable and cause the substrate to facet to the ͕112͖ orientations. A careful study of the ''rougher'' ͑111͒ and ͑112͒ surfaces is a necessary first step in understanding these interesting and complex faceting phenomena.
Through a series of first-principles total-energy calculations, we present in this work the results of the atomic structures and surface energies of the Mo surfaces at several orientations and the equilibrium crystal shape of molybdenum at low temperature. We calculated the atomic relaxations of the surface atoms and surface energy for ͑100͒, ͑110͒, ͑111͒, and ͑211͒ molybdenum surfaces. The equilibrium shape of a Mo crystallite is then found using the Wulff construction, 17 assuming that these four orientations are those that appear on the Wulff plot. This is, to our knowledge, the first construction of the equilibrium crystal shape of a bcc metal using first-principles results.
II. METHOD OF CALCULATION
The first-principles calculations were done within the local-density-functional formalism 18, 19 together with normconserving pseudopotentials. 20 The wave functions are expanded by means of a mixed basis set consisting of plane waves with kinetic energy (kϩG) 2 up to a certain cutoff energy, plus a set of localized numerical functions centered at atomic sites to describe the more tightly bound d orbitals. 21 This approach has been successfully applied to the electronic and structural properties of many transition metals. 22 The shape of the numerical orbitals are chosen to optimize the total energy and when that is done, total energies can be converged with a relatively small set of plane waves. In our calculations we used a plane-wave basis with kinetic energy up to 11.5 Ry. For the molybdenum bulk, this approach gives a lattice constant a 0 ϭ3.16 Å and a bulk modulus B 0 ϭ2.8 MBar. It agrees well with experimental data (a 0 expt ϭ3.15 Å and B 0 expt ϭ2.73 MBar͒. The surfaces were simulated by the standard slab geometry. Slabs of eleven atomic layers are used, separated by a vacuum of 9.5 Å, and repeated periodically along the normal direction of surfaces. For the k-point sampling in the surface calculations, a uniform grid of not less than 100 points in the surface Brillouin zones has been used. We restrict ourselves to 1ϫ1 surface unit cells, and within that constraint, all the atoms in the unit cell were fully relaxed by computing the Hellmann-Feynman forces on the atoms. Relaxation of atomic positions is facilitated by a force matrix, which is initially taken to be a diagonal matrix with force constants estimated from the Debye temperature. The force matrix is then updated during the course of atomic relaxations using a modified Broyden scheme. 23 The whole procedure is accelerated by a force-corrector scheme 24 and the relaxation stops when the maximum of the remaining forces is smaller than 0.03 eV/Å.
III. RESULTS AND DISCUSSIONS

A. Atomic structures
The top views of the ͑100͒, ͑110͒, ͑111͒, and ͑211͒ surfaces of a bcc crystal are shown in Fig. 1 . The distribution of the nearest neighbors ͑NN's͒ and next-nearest neighbors ͑NNN's͒ at various layers for a surface atom are listed in Table I . Keeping in mind that an atom in a bcc crystal has eight NN atoms at a distance of (ͱ3/2)a and six NNN atoms at a distance of a, where a is the lattice constant, the number of NN and NNN broken bonds can be deduced readily from Table I . We note that structural information of bcc systems are also documented elsewhere. 25 The calculated atomic relaxations of the ͑100͒, ͑110͒, ͑111͒, and ͑211͒ Mo surfaces are given in Table II , where we give the percentage change of the interlayer spacings for various orientations. Available theoretical and experimental results are quoted for comparison. In the table ⌬ i j denotes the percentage change of the interlayer distance between the ith and jth layers. In the full-potential linear muffin-tin orbital ͑FP-LMTO͒ calculations quoted in the table, sevenlayer slabs were used and only the outermost layer is relaxed, while in our calculations all eleven layers of slabs are relaxed. The experimental data are for the reconstructed Mo͑100͒ surface 26 and unreconstructed Mo͑110͒ surface. 27 As expected, surface orientations with a larger number of missing neighbors have larger relaxation of the interlayer spacings. Except for the ͑211͒ surface, symmetry requires that the atoms have relaxations only along the surface normal (z direction͒ since we have adopted a 1ϫ1 surface unit cell. However, the atoms on the ͑211͒ surface have an additional degree of freedom and can relax along the ͓ 111͔ direction ͑which is designated as the y direction and the displacement in the ith layer is represented by ⌬ y,i ). The dominant relaxations of the ͑100͒, ͑110͒, and ͑211͒ surfaces are the contraction of the first interlayer spacing, consistent with the generic picture of Smouluchowski smoothing. 28, 29 Relaxation of deeper layers is rather small. The most compact ͑110͒ surface has the smallest relative contraction ͑4%͒ of the interlayer distance between the top two layers, while the contractions are larger for the ͑100͒ orientation ͑11%͒ and the ͑211͒ orientation ͑16%͒. This is roughly consistent with the total number of NN and NNN bonds broken: four for ͑110͒, five for ͑100͒, and six for ͑211͒. The ͑111͒ surface exhibits substantial atomic displacements up to the third layer. The ͑111͒ surface is the most open among all the orientations considered and atoms in the top three layers are exposed in the top view of a simple ball-and-stick model. With the significant reduction in the interlayer distances between the top three layers and an increase in distance between the third and fourth layers, the relaxation pattern is such that the top three layers come together, ''floating'' above the rest of the substrate. In the other orientations, it is essentially the top two layers that are exposed to the vacuum and only the top two layers move towards each other. Holzwarth et al. 30 have considered the multilayer relaxation pattern for W͑111͒ thin slabs with first-principles calculations up to seven layers thick and with an embedded-atom model ͑with angular forces͒ up to 15 layers. The relaxation pattern is very similar to what we have obtained. Such a relaxation pattern may thus be rather generic for bcc͑111͒.
Our results show that the percentage change of the interlayer spacings decreases in the order ⌬ 12 (111)Ͼ⌬ 12 (211) Ͼ⌬ 12 (100)Ͼ⌬ 12 (110). In more general terms, we may tie the amount of relaxation to the ''surface roughness,'' which is defined 31 as the inverse of the fraction of the area in one plane occupied by atoms of radii equal to one-half the bulk nearest-neighbor distance. For the ͑111͒, ͑211͒, ͑100͒, and ͑110͒ surfaces of bcc crystals, the roughnesses so defined are 2.94, 2.08, 1.70, and 1.20, respectively. We hence have a simple picture that the ''rougher'' surfaces have bigger percentage relaxation of interlayer distances.
B. Surface energies
The orientational dependence of the surface energy is important since it determines the equilibrium shape of crystals 17 and governs the stability of a surface. 32 The surface energy per surface atom can be calculated from the total energy of a supercell of that surface orientation as
where E slab is the total energy of the supercell containing n Mo atoms and E bulk is the total energy of bulk Mo. Each slab is bounded by two surfaces and hence a factor of 2 in the above equation. In this article we will use to denote the surface energy per surface atom and ␥ to denote the surface energy per unit area. The calculated surface energies per atom and per unit area for the various orientations are tabulated in Table III , where we also include for comparison previous theoretical and experimental work. The surface energy of a solid at a specific orientation is difficult to measure directly and few reliable results are available. The experimental data of the surface energy in Table III As expected, the calculated surface energies per surface atom for different surfaces decrease with the roughness of the surface: (111)Ͼ(211)Ͼ(100)Ͼ(110). In forming the ͑111͒, ͑211͒, ͑100͒, and ͑110͒ surfaces, four, three, four, and two nearest-neighbor bonds are cut, respectively, while the number of next-nearest-neighbor bonds that are severed are three, three, one and two, respectively. For bcc crystals, the difference between the nearest-neighbor distance (ͱ3/2)a and the next-nearest-neighbor distance a is not large. The trend of the surface energies for the various orientation is indeed consistent with the total number of NN and NNN bonds that are broken when the surface is created.
Going from the surface energy per atom to the surface energy per unit area, the variation is much smaller from one orientation to another. Among the orientations considered in this work, the ͑100͒ surface has the highest surface energy per unit area and the ͑110͒ surface the lowest. From our calculations, the ratio of the surface energies per unit area ␥ hkl /␥ 100 are 1.0, 0.97, 0.93, and 0.87 for the ͑100͒, ͑111͒, ͑211͒, and ͑110͒ surfaces, respectively, compared with the values 1.0, 0.87, 0.80, and 0.71 obtained from a bond-cutting model. 34 We see that even the simplest bond-cutting models predict correctly the trend of the surface energies. When we compare the numbers, we see that the bond-cutting model overestimates the surface energies of less compact orientations relative to the most compact ͑110͒ orientation. Bondcutting or lattice models do not allow for the energy gained by relaxations. Since less compact surfaces usually have more relaxations, it is not surprising that the empirical models will overestimate the surface energies of less compact orientations.
In the past few years it was observed that ultrathin metal films adsorbed on Mo͑111͒ and W͑111͒ can induce the substrate to facet, exposing facets of ͕211͖ orientations, but the clean ͑111͒ surface is stable ͑see, e.g., Ref. 15͒. According to thermodynamic theories, 32 faceting from ͑111͒ to ͑112͒ is thermodynamically favorable when
where ϭ19.47°is the angle between the ͓111͔ and the ͓112͔ orientations and ␥ is the surface formation energy per unit area. The cos() factor takes care of the increase in area when faceting occurs.
Our results indicate that the ͑211͒ surface has a lower surface energy per unit area than ͑111͒, but Eq. ͑2͒ is not satisfied. The anisotropy is not large enough to compensate for the 6% increase in total area due to faceting. The clean ͑111͒ surface should thus be thermodynamically stable against faceting, consistent with experimental results. The surface energy and its anisotropy can change significantly upon chemisorption, and overlayer covered surfaces can behave very differently from the clean surface.
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C. Equilibrium crystal shape
The equilibrium crystal shape ͑ECS͒ can be obtained by minimizing the total surface free energy for a fixed crystal volume. 17 The equilibrium crystal shape is determined if the orientational dependence of the surface free energy ͑surface energy at Tϭ0) is known. According to the procedure of the Wulff construction, a polar plot of surface energy is made. A vector whose length is equal to the surface energy ␥ in this orientation is chosen and then a plane perpendicular to the vector is drawn, passing through the tip of the vector. The inner envelope of all these planes gives the equilibrium shape of a crystallite under ideal conditions. Crystal planes that are part of this construction are thermodynamically stable.
Under the assumption that only the ͕100͖, ͕110͖, ͕111͖, and ͕211͖ facets appear on the Wulff plot and using the surface energies we have calculated for these Mo surfaces ͑Table III͒, the equilibrium shape for Mo is shown in Fig. 2 .
We see that facets corresponding to the ͕110͖ orientations have the largest area, while the ͕111͖ orientations occupy the smallest area. It was found experimentally that the Mo͑111͒ surface is stable, 15, 16 consistent with the fact the ͕111͖ facets appear on the Wulff plot. However, adsorption of an overlayer of some metals such as Pd and Pt on Mo͑111͒ can induce a faceting transformation, 15, 16 forming triangular pyramids exposing three equivalent ͕112͖ facets. The same phenomena have been observed in W͑111͒. 15 We see from orientations upon adsorption, the area corresponding to the ͕112͖ faces on the ECS will increase, while the corresponding area for the ͕111͖ faces will shrink and may eventually disappear. The ͓111͔ orientated surface would then become unstable and may facet if the kinetic barriers can be overcome. It is almost visually obvious from Fig. 2 that triangular pyramids of ͕112͖ will form when ͕111͖ becomes unstable with respect to a faceting transformation. Although the first-principles calculations and a simple bond-cutting model give the same ordering of the surface energy per unit area for the four orientations we have considered, as we have noted in Sec. III B, the equilibrium crystal shape from these two approaches can be rather different. We show in Fig. 3 the equilibrium crystal shape of a bcc solid with surface energy anisotropy corresponding to a simple bond-cutting model ͑with the ratios of surface energies given in the previous section͒. Only ͕110͖ and ͕112͖ facets appear on the ECS and the shape is very different from the first-principles results. This will have certain physical implications. For example, such an equilibrium crystal shape would mean that a clean Mo͑111͒ surface is unstable with respect to a faceting transformation to the ͕112͖ orientations, which is apparently not the case experimentally. This is a consequence of the overestimation of the surface energies of the less compact surfaces in bond-cutting models.
We remark that, in principle, the Wulff plot should be determined by the surface energy at all possible orientations, while we have first-principles information for four principal orientations only. This restriction is probably not a serious problem since for most of the generic models, 36 it is these four orientations that appear on the equilibrium crystal shape of a bcc crystal at Tϭ0. It is possible to take one step further to fit the available information to an empirical model and then extrapolate from our calculated results to other orientations. This approach has been adopted by Wei and Chou, 37 who have considered the equilibrium crystal shape for several fcc metals with a model based on surface energies from various ab initio calculations. This procedure seems to work very well for fcc metals. The relaxations for the bcc surfaces are comparatively larger, and higher index surfaces will have even larger relaxations. Since the model extrapolations ignore relaxation effects, it is not clear at this point whether such a process will give us additional reliable information in addition to the first-principles results for bcc surfaces.
Another subtlety is that we have not considered reconstructions and all our results pertain to a fully relaxed p(1ϫ1) surface. It is well known that the ͑100͒ surfaces of Mo and W reconstruct and we cannot rule out the possibility that other orientations such as ͑111͒ and ͑112͒ also show some reconstructions. For the ͑112͒ surface, we have taken into account the lateral shifting of the layers, which is not forbidden by symmetry; but possible relative displacement of atoms within one surface layer has not been considered. However, calculations have shown that for the Mo͑100͒ surface, the energy gained by surface atomic rearrangements mainly comes from the relaxation normal to the surface and the energy gained by reconstruction on top of the relaxation is small. 3 For example, we compared the total energy of a fully reconstructed Debe-King model within a c(2ϫ2) surface unit cell ͑both vertical and lateral degrees of freedom are fully relaxed͒ and that of a fully relaxed p(1ϫ1) Mo͑100͒ surface ͑vertical relaxation only͒ and we found that the surface energy of the c(2ϫ2) is more favorable than the fully relaxed p(1ϫ1) by about 1 mRy per surface atom. 39 Such a small gain in energy has little effect on our results. The ordering of surface energies will be the same and taking that into account will only increase the area of the ͕100͖ surfaces slightly on the Wulff plot.
IV. CONCLUSIONS
In conclusion, we have presented a theoretical study of the equilibrium atomic structures of the Mo ͑100͒, ͑110͒, ͑111͒, and ͑211͒ surfaces, using first-principles total-energy and force calculations. Our results found that rougher surfaces tend to have larger relaxations and higher surface energies per surface atom. Atomic relaxations for different orientations are mainly dominated by the reduction of the separation between the top two layers, except for the ͑111͒ surfaces where the top three layers come together. This can be rationalized because the ͑111͒ surface has three layers of atoms exposed, while other orientations have two. We obtained the equilibrium crystal shape of Mo ͑at Tϭ0), which is probably the first time that the equilibrium crystal shape of a bcc crystal has been determined entirely from firstprinciples results without mapping to fixed-lattice models. All four orientations appear on the Wulff plot and we found that the Mo͑111͒ surface is thermodynamically stable against forming facets in the ͕211͖ orientations according to the Herring criteria.
